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Abstract: In this note, we study minimal dominating signed graphs and obtain struc-
tural characterization of minimal dominating signed graphs. Further, we characterize signed
graphs S for which M D(S) ~ CM D(S), where ~ denotes switching equivalence and M D(S)
and CM D(S) are denotes the minimal dominating signed graph and common minimal dom-

inating signed graph of S respectively.
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81. Introduction

For standard terminology and notion in graph theory we refer the reader to Harary [5]; the
non-standard will be given in this paper when required. We treat only finite simple graphs
without self loops and isolates.

A signed graph is an ordered pair S = (S%, o), where S* is a graph G = (V, E), called the
underlying graph of S and ¢ : E — {4+, —} is a function from the edge set E of S* into the
set {+, —}, called the signature (or sign in short) of S. Alternatively, the signed graph can be
written as S = (V, E, o), with V, E, ¢ in the above sense. Let ET(S) = {e € E: o(e) = +}
and E~(S) = {e € F: o(e) = —}. The elements of E1(S) and E~(S) are called positive and
negative edges of S, respectively. A signed graph is all-positive (respectively, all-negative) if all
its edges are positive (negative).

A cycle in a signed graph S is said to be positive if it contains an even number of negative
edges. A given signed graph S is said to be balanced if every cycle in S is positive (see [6]). In
a signed graph S = (S%, o), for any A C E the sign o(A) is the product of the signs on the
edges of A. For more new notions on signed graphs refer the papers ([11, 12, 15, 16], [18]-[24]).

A marked signed graph is an ordered pair S, = (S, ), where S = (5%, 0) is a signed graph
and p: V(S*) — {+,—} is a function from the vertex set V(S%) of S* into the set {+,—},
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called a marking of S. In particular, o induces a unique marking u, defined by

ecek,

where E, is the set of edges incident at v in S, is called the canonical marking of S. We shall
denote by Mg the set of all markings of S. A signed graph S together with one of its markings
it is denoted by S, .

The following characterization of balanced signed graphs is well known.

Proposition 1.1(E.Sampathkumar [14]) A signed graph S = (G, o) is balanced if, and only if,

there exists a marking p of its vertices such that each edge uv in S satisfies o(uv) = p(u)u(v).

Given a marking p of S, by switching S with respect to p we mean changing the sign of
every edge of S to its opposite whenever its end vertices are of opposite signs in S, . The signed
graph obtained in this way is denoted by S,,(S) and is called the p-switched signed graph or
just switched signed graph when the marking is clear from the context (Sampthkumar et al.
7).

We say that signed graph S; switches to signed graph S (or that they are switching
equivalent to each other), written as S; ~ Si, whenever there exists u € Mg, such that
S,(S1) = Sy, where “=” denotes the isomorphism between any two signed graphs in the
standard sense. Note that S; ~ Sy implies that (S7)" 2 (S2)™.

Two signed graphs S; = (G,0) and Sy = (G',¢’) are said to be weakly isomorphic (see
[26]) or cycle isomorphic (see [28]) if there exists an isomorphism f : G — G’ such that the
sign of every cycle Z in S7 equals to the sign of f(Z) in Sa. The following result will also be

useful in our further investigation.

Proposition 1.2(T.Zaslavsky [28]) Two signed graphs S1 and So with the same underlying

graph are switching equivalent if, and only if, they are cycle isomorphic.

In [17], the authors introduced the switching and cycle isomorphism for signed digraphs.

§2. Minimal Dominating Signed Graph

Mathematical study of domination in graphs began around 1960, there are some references
to domination-related problems about 100 years prior. In 1862, de Jaenisch [3] attempted to
determine the minimum number of queens required to cover an n x n chess board. In 1892,
W. W. Rouse Ball [13] reported three basic types of problems that chess players studied during
that time.

The study of domination in graphs was further developed in the late 1950s and 1960s,
beginning with Berge [1] in 1958. Berge wrote a book on graph theory, in which he introduced
the “coefficient of external stability”, which is now known as the domination number of a graph.
Oystein Ore [10] introduced the terms “dominating set” and “domination number” in his book

on graph theory which was published in 1962. The problems described above were studied
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in more detail around 1964 by brothers Yaglom and Yaglom [27]. Their studies resulted in
solutions to some of these problems for rooks, knights, kings, and bishops. A decade later,
Cockayne and Hedetniemi [2] published a survey paper, in which the notation v(G) was first
used for the domination number of a graph G. Since this paper was published, domination in
graphs has been studied extensively and several additional research papers have been published
on this topic.

Let G = (V, E) be a graph. A set D C V is a dominating set of G, if every vertex in V — D
is adjacent to some vertex in D. A dominating set D of G is minimal, if for any vertex v € D,
D — {v} is not a dominating set of G (See, Ore [10]).

Let S be a finite set and F = {51, Sa,...,Sn} be a partition of S. Then the intersection
graph Q(F) of F is the graph whose vertices are the subsets in F' and in which two vertices S;
and S; are adjacent if and only if S; N S; # ¢, © # j.

Kulli and Janakiram [8] introduced a new class of intersection graphs in the field of domi-
nation theory. The minimal dominating graph M D(G) of a graph G is the intersection graph
defined on the family of all minimal dominating sets of vertices in G.

We now extend the notion of M D(G) to the realm of signed graphs. The minimal domi-
nating signed graph M D(S) of a signed graph S = (5%, 0) is a signed graph whose underlying
graph is M D(G) and sign of any edge PQ in M D(S) is u(P)u(Q), where p is the canonical
marking of S, P and @) are any two minimal dominating sets of vertices in S". Further, a
signed graph S = (G, o) is called minimal dominating signed graph, if S = M D(S’) for some
signed graph S’. In this paper we will give a structural characterization of which signed graphs
are common minimal dominating signed graph. The following result indicates the limitations
of the notion CM D(S) introduced above, since the entire class of unbalanced signed graphs is

forbidden to be minimal dominating signed graphs.

Proposition 2.1 For any signed graph S = (G, o), its minimal dominating signed graph
MD(S) is balanced.

Proof Since sign of any edge PQ in M D(S) is u(P)u(Q), where p is the canonical marking
of S, by Proposition 1.1, M D(S) is balanced. |

For any positive integer k, the k*" iterated minimal dominating signed graph M D(S) of S
is defined as follows:

MDO(S) = S, MD*(S) = MD(MD*=1(S))

Corollary 2.2 For any signed graph S = (G, o) and any positive integer k, M D*(S) is balanced.

Proposition 2.3 For any two signed graphs S1 and So with the same underlying graph, their

minimal dominating signed graphs are switching equivalent.

Proof Suppose S; = (S},0) and Sy = (S¥,0’) be two signed graphs with S} =~ S¥.
By Proposition 2.1, M D(S1) and M D(S3) are balanced and hence, the result follows from
Proposition 1.2. O
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In [25], the authors introduced the notion common minimal dominating signed graph of a

signed graph as follows:

A common minimal dominating signed graph CMD(S) of a signed graph S = (G, 0) is
such a signed graph whose underlying graph is CM D(G) and sign of any edge uv in CM D(S)

is p(u)p(v), where p is the canonical marking of S.

The following result restricts the class of minimal dominating graphs.

Proposition 2.4 For any signed graph S = (G, 0), its common minimal dominating signed
graph CM D(S) is balanced.

We now characterize the signed graphs whose minimal dominating signed graphs and com-
mon minimal dominating signed graphs are switching equivalent. In case of graphs the following

result is due to Kulli and Janakiram [9]:

Proposition 2.5(Kulli and Janakiram [9]) If G is a (p — 3)-regular graph and every minimal
dominating set of G is independent, then M D(G) = CMD(G).

Proposition 2.6 For any signed graph S = (G,0), MD(S) ~ CMD(S) if, and only if, G is
a (p — 3)-regular graph and every minimal dominating set of G is independent.

Proof Suppose MD(S) ~ CMD(S). This implies, M D(G) = CMD(G) and hence by
Proposition 2.5, we see that the graph G must be (p — 3)-regular graph and every minimal
dominating set of G is independent.

Conversely, suppose that G is (p — 3)-regular graph and every minimal dominating set
of G is independent. Then M D(G) =2 CM D(G) by Proposition 2.5. Now, if S is a signed
graph with underlying graph as (p — 3)-regular graph and every minimal dominating set of G is
independent, by Propositions 2.1 and 2.4, M D(S) and CM D(S) are balanced and hence, the

result follows from Proposition 1.2. O
The notion of negation n(S) of a given signed graph S defined in [7] as follows:

7(S) has the same underlying graph as that of S with the sign of each edge opposite to
that given to it in S. However, this definition does not say anything about what to do with

nonadjacent pairs of vertices in S while applying the unary operator 7(.) of taking the negation
of S.

Proposition 2.6 provides easy solutions to other signed graph switching equivalence rela-

tions, which are given in the following result.

Corollary 2.7 For any signed graph S = (G,o0), MD(n(S)) ~ CMD(S) (or MD(S) ~
CMD(n(S)) or MD(n(S)) ~ CMD(n(S))) if, and only if, G is a (p — 3)-reqular graph and

every minimal dominating set of G is independent.

For a signed graph S = (G, o), the M D(S) is balanced (Proposition 2.1). We now examine,
the conditions under which negation of M D(S) is balanced.
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Proposition 2.8 Let S = (G, o) be a signed graph. If MD(G) is bipartite then n(M D(S)) is

balanced.

Proof Since, by Proposition 2.1, M D(S) is balanced, each cycle C' in M D(S) contains
even number of negative edges. Also, since M D(G) is bipartite, all cycles have even length;
thus, the number of positive edges on any cycle C in M D(S) is also even. Hence n(M D(S)) is
balanced. a

83. Characterization of Minimal Dominating Signed Graphs

The following result characterize signed graphs which are minimal dominating signed graphs.

Proposition 3.1 A signed graph S = (G, o) is a minimal dominating signed graph if, and only
if, S is balanced signed graph and its underlying graph G is a M D(G).

Proof Suppose that S is balanced and its underlying graph G is a minimal dominating
graph. Then there exists a graph H such that M D(H) = G. Since S is balanced, by Proposition
1.1, there exists a marking p of G such that each edge uv in S satisfies o(uv) = p(u)u(v). Now
consider the signed graph S’ = (H,o¢’), where for any edge e in H, o¢'(e) is the marking of
the corresponding vertex in G. Then clearly, M D(S’) = S. Hence S is a common dominating
signed graph.

Conversely, suppose that S = (G, o) is a minimal dominating signed graph. Then there
exists a signed graph S’ = (H,o’) such that M D(S’) = S. Hence by Proposition 2.1, S is
balanced. a

References

[1] C.Berge, Theory of Graphs and its Applications, Methuen, London, 1962.
[2] E.J.Cockayne and S.T.Hedetniemi, Towards a theory of domination in graphs, Networks,
7(1977), 247-261.
[3] C.F.De Jaenisch, Applications de [Analyse mathematique an Jen des Echecs, 1862.
[4] David Easley and Jon Kleinberg, Networks, Crowds, and Markets: Reasoning About a
Highly Connected World, Cambridge University Press, 2010.
[5] F.Harary, Graph Theory, Addison-Wesley Publishing Co., 1969.
[6] F.Harary, On the notion of balance of a signed graph, Michigan Math. J., 2(1953), 143-146.
[7] F.Harary, Structural duality, Behav. Sci., 2(4) (1957), 255-265.
[8] V.R.Kulli and B.Janakiram, The minimal dominating graph, Graph Theory Notes of New
York, XXVIII (1995), 12-15.
[9] V.R.Kulli and B.Janakiram, On common minimal dominating graphs, Graph Theory Notes
of New York, XXXIV (1998), 9-10.
[10] O.Ore, Theory of Graphs. Amer. Math. Soc. Colloq. Publ., 38, 1962.
[11] R.Rangarajan and P.Siva Kota Reddy, The edge Cjy signed graph of a signed graph, South-
east Asian Bulletin of Mathematics, 34(6) (2010), 1077-1082.



A Note on Minimal Dominating Signed Graphs 101

[12] R.Rangarajan, M.S.Subramanya and P.Siva Kota Reddy, Neighborhood signed graphs,
Southeast Asian Bulletin of Mathematics, 36(3) (2012), 389-397.

[13] W.W.Rouse Ball, Mathematical Recreation and Problems of Past and Present Times, 1892.

[14] E.Sampathkumar, Point signed and line signed graphs, Nat. Acad. Sci. Letters, 7(3)
(1984), 91-93.

[15] E.Sampathkumar, P.Siva Kota Reddy and M.S.Subramanya, Directionally n-signed graphs,
Ramanugan Math. Soc., Lecture Notes Series (Proc. Int. Conf. ICDM 2008), 13 (2010),
155-162.

[16] E.Sampathkumar, P.Siva Kota Reddy and M.S.Subramanya, Directionally n-signed graphs-
I1, International J. Math. Combin., 4 (2009), 89-98.

[17] E.Sampathkumar, M.S.Subramanya and P.Siva Kota Reddy, Characterization of line sidi-
graphs, Southeast Asian Bulletin of Mathematics, 35(2) (2011), 297-304.

[18] P.Siva Kota Reddy and M.S.Subramanya, Note on path signed graphs, Notes on Number
Theory and Discrete Mathematics, 15(4) (2009), 1-6.

[19] P.Siva Kota Reddy and M.S.Subramanya, Signed graph equation L¥(S) ~ S, International
J. Math. Combin., 4 (2009), 84-88.

[20] P.Siva Kota Reddy, S.Vijay and V.Lokesha, n!" Power signed graphs, Proceedings of the
Jangjeon Math. Soc., 12(3) (2009), 307-313.

[21] P.Siva Kota Reddy, S.Vijay and V.Lokesha, n!" Power signed graphs, Proceedings of the
Jangjeon Math. Soc., 12(3) (2009), 307-313.

[22] P.Siva Kota Reddy, S.Vijay and V.Lokesha, n*" Power signed graphs-II, International J.
Math. Combin., 1 (2010), 74-79.

[23] P.Siva Kota Reddy and S.Vijay, Total minimal dominating signed graph, International J.
Math. Combin., 3 (2010), 11-16.

[24] P.Siva Kota Reddy and K.V.Madhusudhan, Negation switching equivalence in signed
graphs, International J. Math. Combin., 3 (2010), 85-90.

[25] P.Siva Kota Reddy, ¢-Path Sigraphs, Tamsui Ozford J. of Math. Sciences, 26(4) (2010),
433-441.

[26] P.Siva Kota Reddy, E.Sampathkumar and M.S.Subramanya, Common-edge signed graph
of a signed graph, J. Indones. Math. Soc., 16(2) (2010), 105-112.

[27] P.Siva Kota Reddy, B.Prashanth, and T.R.Vasanth Kumar, Antipodal signed directed
graphs, Advn. Stud. Contemp. Math., 21(4) (2011), 355-360.

[28] P.Siva Kota Reddy, B.Prashanth and Kavita S.Permi, A note on antipodal signed graphs,
International J. Math. Combin., 1 (2011), 107-112.

[29] P.Siva Kota Reddy, Kavita S.Permi and K.R.Rajanna, Combinatorial aspects of a measure
of rank correlation due to Kendall and its relation to complete signed digraphs, Interna-
tional J. Math. Combin., 1 (2012), 74-77.

[30] P.Siva Kota Reddy and B.Prashanth, S-Antipodal signed graphs, Tamsui Oxford J. of Inf.
Math. Sciences, 28(2) (2012), 165-174.

[31] P.Siva Kota Reddy and S.Vijay, The super line signed graph £,(S) of a signed Graph,
Southeast Asian Bulletin of Mathematics, 36(6) (2012), 875-882.



102 P.Siva Kota Reddy and B.Prashanth

[32] P.Siva Kota Reddy and B.Prashanth, The common minimal dominating signed graph,
Transactions on Combinatorics, 1(3) (2012), 39-46.

[33] P.Siva Kota Reddy and U.K.Misra, The equitable associate signed graphs, Bull. Int. Math.
Virtual Inst., 3(1) (2013), 15-20.

[34] P.Siva Kota Reddy, K.R.Rajanna and Kavita S Permi, The common minimal common
neighborhood dominating signed graphs, Transactions on Combinatorics, 2(1) (2013), 1-8.

[35] P.Siva Kota Reddy, Smarandache directionally n-signed graphs: A Survey, International
J. Math. Combin., 2 (2013), 34-43.

[36] P.Siva Kota Reddy and U.K.Misra, Graphoidal signed graphs, Advn. Stud. Contemp.
Math., 23(3) (2013), 451-460.

[37] P.Siva Kota Reddy and U.K.Misra, Directionally n-signed graphs-III: The notion of sym-
metric balance, Transactions on Combinatorics, 2(4) (2013), 53-62.

[38] T.Sozdnsky, Enumeration of weak isomorphism classes of signed graphs, J. Graph Theory,
4(2)(1980), 127-144.

[39] A.M.Yaglom and I.M.Yaglom. Challenging mathematical problems with elementary solu-
tions. Volume 1: Combinatorial Analysis and Probability Theory, 1964.

[40] T.Zaslavsky, Signed graphs, Discrete Appl. Math., 4(1)(1982), 47-74.



